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Weak values are traditionally obtained using a weak interaction between the measured system and
a pointer state. It has, however, been pointed out that weak coupling can be replaced by a carefully
tailored strong interaction. This paper provides a direct comparison of two strong interaction-based
approaches (strong interaction accompanied by either a suitably prepared pointer state or quan-
tum erasure) and the traditional weak interaction-based method. Presented theoretical derivations
explicitly prove analytical equivalence of these approaches which was subsequently certified by an
experiment implemented on the platform of linear optics. We find that strong-interaction-based
measurements are experimentally less demanding on this platform.
I. INTRODUCTION
The concept of weak values was proposed by Aharonov,
Albert and Vaidman in 1988 [1]. Although being a sub-
ject of some controversy [2, 3] and vivid scientific de-
bate [4–26], weak values allow acquiring information on
a quantum state while causing arbitrarly small distur-
bance to the state. With the usage of weak interaction,
we are able to measure a qubit without destroying it [27],
perform process tomography [28], directly measure the
quantum wave function [29], observe trajectory in quan-
tum systems in the semiclassical regime [30], study the
three-box paradox [31], determine the past of photons
passing through an interferometer [13] and even amplify
the nonlinear effect of a single photon [32]. Weak val-
ues have also being discussed in relation to the Hardy
paradox [33, 34].
It has been discovered that weak interaction is not es-
sential for weak measurement [35–37] and the usage of
strong interaction for weak value estimation is a hot cur-
rent topic [16, 38, 39]. Same claimed that strong inter-
action provides even better results [40] then direct weak
measurement. However, it has been suggested that the
interpretation of these results could be flawed [24]. Very
recently, a study has been published showing that weak
values can be analyzed independently of the strength of
coupling between the pointer and the measured system
[41].
There are two major strategies for weak value estima-
tion with strong interaction. First of them uses insen-
sitive pointer, i.e. pointer prepared in a state that is
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close to an eigenstate of the strong interaction [35, 42–
44]. The second method applies quantum erasure where
weak values are obtained by erasing results of a strong
interaction from pointer state [45]. Although being the-
oretically proposed in 2016, this method has never been
subjected to an experimental test.
In this experimental study, we directly compare these
two strong-interaction based approaches towards weak
value estimation with the approach based on a genuine
weak interaction used as a comparison baseline. The ex-
periment is carried out on the platform of linear optics,
more specifically we use the tunable controlled phase (c-
phase) gate to achieve tunably strong interaction between
the measured system and the quantum pointer. This pa-
per, thus, contributes to the ongoing scientific discussion
by lining up the result of the three strategies of weak
value estimation on a single platform. This paper is or-
ganized as follows. In Sec.II we provide the necessary
theoretical background for our experiment. Sec.III dis-
cusses the construction of linear-optical phase gate. In
Sec.IV, we present our results along with the description
of measured procedures. We conclude in Sec.V.
II. THEORETICAL BACKGROUND
In this section, we outline a unifying framework to
weak value estimation using three different approaches.
We demonstrate this on an example of two interacting
spin- 12 particles (two qubits). For a single spin-
1
2 particle
we can express all possible unitary operations by means
of generators of the associated unitary group, i.e., Pauli
operators X = |+〉〈+| − |−〉〈−|, Y = |L〉〈L| − |R〉〈R|,
and Z = |0〉〈0| − |1〉〈1|. The eigenstates of Z operator,
labelled |0〉 and |1〉, correspond to various physical states
depending on the particular two-level system. The eigen-
states of the remaining operators are related in the fol-
lowing way: |±〉 = (|0〉 ± |1〉)/√2, |L〉 = (|0〉+ i|1〉)/√2,
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2and |R〉 = (|0〉− i|1〉)/√2. To facilitate the experimental
comparison of the tested approaches, we have set in all
instances the initial system state to
|ψi〉 = cos γ|H〉+ sin γ|V 〉, (1)
and after it interacts with the pointer we post-select it
onto
|ψf 〉 = 1√2 (|0〉+ |1〉). (2)
Let us first review the traditional approach, i.e the
typical formalism of weak value estimation by means of
a weak interaction. For a detailed derivation, see Ap-
pendix. We define a general interaction Hamiltonian in
the form of
H = A⊗ Z, (3)
where A and Z act on the measured system and the probe
respectively. We assume that the interaction between the
measured system and the probe is sufficiently weak so
that the evolution operator can be approximated as
Uw = e
−itH
~ ≈ 1− itH
~
. (4)
By considering post-selection on the final state of the
weakly measured system
|ψf 〉〈ψf |e
−itH
~ |ψi〉|φ〉 ≈ 〈ψf |ψi〉|ψf 〉e
−itAwZ
~ |φ〉, (5)
weak value is obtained
Aw =
〈ψf |A|ψi〉
〈ψf |ψi〉 . (6)
In our experiment, weak interaction takes place in a c-
phase gate and leads to a slight shift of the pointer state
|φ〉 → |φ′〉. If we measure the pointer |φ′〉 for observable
X, we obtain
〈X〉φ′ = 1− | it~ |2|Aw|2. (7)
In case of the tunable c-phase transformation the inter-
action Hamiltonian takes the form of
H = ϕ~4t (I − Z)⊗ Z, (8)
and hence the measured operator A = Z − I (up to a
coupling constant).
In the second regime (strong interaction and insensitive
pointer), we assume that the interaction is strong and
therefore the evolution operator is given as
Us = e
−itH
~ = |a0〉〈a0| ⊗ I + |a1〉〈a1| ⊗ Z, (9)
where |a0,1〉 are eigenstates of observable A = |a0〉〈a0| −
|a1〉〈a1| of the measured system which is strongly coupled
to observable Z of the pointer. We conveniently param-
eterize the pointer state by two complex amplitudes α
and β
|φ〉 = α|+〉+ β|−〉. (10)
In the situation when we set α = β, we deal with a com-
pletely insensitive pointer as 〈Z〉φ′ = 1 does not provide
any information about the state of the measured system.
Therefore to emulate weak coupling, we must chose the
pointer state |φ′〉 ≈ |0〉, where
α+ β ≈
√
2, α− β = δ, |δ|  1. (11)
In this case, if we measure the pointer for observable X,
we obtain
〈X〉φ′ = Re(δAw). (12)
A detailed derivation presented in the Appendix also
shows that in case of the c-phase gate A = Z which
relates this operator to the operator A = A − I (up to
coupling constant).
In the third and final regime (strong interaction fol-
lowed by a quantum erasure), the pointer was prepared
in the initial state |φ〉 = |+〉. In case of our experiment,
the pointer state serves as the control in the c-phase gate
set to strongest interaction (i.e., controlled-sign gate) and
the measured system is its target. The choice of our par-
ticular gate (c-phase) determines the operator A = Z of
which the weak value is estimated. In this configuration,
maximally entangled states can be created. Thus, this
regime is also referred to as strong interaction. Next,
the pointer state is measured in |φ′〉 = γ|0〉 + δ|1〉 and
|φ′⊥〉 = δ|0〉 − γ|1〉 basis, where |δ|  1 and |γ| ≈ 1. We
measure the mean value of Z = |φ′〉〈φ′| − |φ′⊥〉〈φ′⊥| we
obtain
〈Z〉φ′ = Re(4δAw). (13)
Depending on a single-shot outcome outcome of this mea-
surement, the system state is steered into
(
γ + δA
) |ψi〉
or
(
γA− δ) |ψi〉. A feed-forward operation A−1 is used in
the second case to quasi-entirely revert the effect of this
measurement on the measured system. For a detailed
derivation, see Appendix.
III. EXPERIMENTAL SETUP
In our experiment, we encoded logical states |0〉 and |1〉
into horizontal |H〉 and vertical |V 〉 polarization states of
individual photons. Pairs of photons at 710 nm were ob-
tained in type-I spontaneous parametric down-conversion
using a BBO (β−BaB2O3) crystal. We accumulated the
signal for 100 s to acquire about 400 − 3000 two-photon
coincidences depending on the particular setting.
We have constructed a tunable linear-optical c-phase
gate based on the design by Lanyon et al. [46]. This
experimental setup (see Fig. 1) was chosen for its stabil-
ity and easily adjustable phase shift ϕ. Note that this
gate is experimentally much less demanding than the op-
timal tunable c-phase gate consisting of three nested in-
terferometers [47]. This c-phase gate consists of only one
interferometer formed by two beam displacers with a par-
tially polarizing beam splitter (PPBS) acting in one of it’s
3FIG. 1: Experimental setup. P – polarization controller, M –
mirror, BD – beam displacer, F – spectral filter (5 nm wide)
M1 – motorized translation, PPBS – partially polarizing beam
splitter, HWP – half-wave plate, QWP – quarter-wave plate,
Pol – polarizer.
arms. The PPBS is manufactured to have 100% trans-
missivity for horizontally polarized light and 33% trans-
missivity for vertically polarized photons. As a result,
it implements a c-phase gate with ϕ = pi on impinging
photons due to the Hong-Ou Mandel interference [48].
In this special case, the gate is often called controlled
sign (c-sign) gate. The idea to use a special PPBS to
implement c-sign gate can be traced back to Ref.[48]. To
obtain phase shifts other than ϕ = pi, one needs to make
use of an ancillary mode provided by the interferometer.
The working principle of this tunable c-phase gate can
be explained by describing the role of individual compo-
nents in the setup. First, a beam displacer (BD) spatially
splits polarization modes of the pointer photon depend-
ing on its state. If the photon is encoded in the logical
|1〉 state (vertical polarization |V 〉) it travels through the
upper arm where it impinges on the PPBS. Otherwise,
the pointer photon in the logical |0〉 state (horizontal po-
larization |H〉) passes through the interferometer without
interacting on the PPBS. On the PPBS, the pointer pho-
ton can interact with the photon that represents the mea-
sured system. As mentioned above, this interaction im-
plements the c-sign gate. The combination of c-sign gate
(made by PPBS) together with the quarter-wave plate
(QWP1) transforms the pointer to the |R〉 (right-handed
circular) or |L〉 (left-handed circular) polarization state
depending on the signal photon being in |H〉 or |V 〉 state
respectively. Next, a half-wave plate introduces a phase
shift ϕ2 and −ϕ2 to the |R〉 and |L〉 states respectively,
with the value of ϕ depending on its rotation. Finally,
both interferometer arms recombine on the second BD.
As outlined above, if the pointer is prepared in the |H〉
state, it travels through the setup by the lower interfer-
ometer arm (see setup in Fig.1) and can not interact with
the measured system. The gate only acts non-trivially if
the pointer is prepared vertically polarized. Table I de-
scribes transformation of the joint pointer and measured
system states as they pass through the setup in two non-
TABLE I: Output two-mode states after being transformed
by consecutive components of the c-phase gate. The modes
denote polarization states of pointer and measured photons
respectively, |+60〉 = 12 |H〉 + 32 |V 〉, i.e. linear polarization
rotated by 60◦ with respect to horizontal polarization [49].
Post-selection on coincident detection of the photons in their
respective output ports is assumed.
Component Case |V H〉 Case |V V 〉
First BD |V H〉 |V V 〉
HWP2 at 30◦ |+60 H〉 |+60 V 〉
PPBS |+H〉 | − V 〉
QWP1 at 0
◦ |RH〉 |LV 〉
HWP3 as needed e
−iϕ
2 |LH〉 e iϕ2 |RV 〉
Second BD e
−iϕ
2 |HH〉 e iϕ2 |HV 〉
HWP6 at 45◦ e
−iϕ
2 |V H〉 e iϕ2 |V V 〉
trivial cases.
IV. MEASUREMENT AND RESULTS
A. Weak measurement by weak interaction
The first implemented regime corresponds to the tra-
ditional weak value estimation (weak value estimation
by weak interaction) and provides data for comparison
to the other regimes of weak value estimation. In this
regime, we tuned the gate to a small but still measurable
phase shift ϕ. The input signal was prepared in the state
|ψi〉 = cos γ|H〉+ sin γ|V 〉, (14)
parameterized by the angle γ. For practical reasons, we
have selected final post-selection onto state |ψf 〉 = 1√2
(|H〉 + |V 〉). The initial pointer state was set to |φ〉 =
1√
2
(|H〉 + |V 〉) prepared by HWP1. For these settings
Eq. (6) gives the theoretical prediction for the weak value
as a function of state parameter γ
Aw =
1
cot γ + 1
. (15)
The pointer state after interaction with the signal |φ′〉
was measured in the 1√
2
(|H〉±|V 〉) basis and the value of
〈X〉φ′ was calculated. This value was then translated to
Aw using Eq. (7) and fitting of the parameter ϕ ≈ 0.18pi.
ϕ was set by suitable rotation of HWP3. Results of this
approach are visualized in Fig. 2a. Our data also reveals
that typical fidelity of the output measured system state
before its post-selection with respect to its initial state
|ψi〉 is about 96 %. This confirms that the system was
weakly perturbed by the interaction with the pointer.
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FIG. 2: Comparison of fit of theoretical dependence on exper-
imental data (solid lines) and experimentally measured weak
values (markers) using the approaches: (a) weak value estima-
tion by weak interaction, (b) weak value estimation by strong
interaction and insensitive pointer, (c) weak value estimation
by strong interaction and quantum erasure. Weak values are
depicted as functions of the signal state parameter γ.
B. Weak value estimation by strong interaction
and insensitive pointer
The second regime was implemented by using the
PPBS as a c-sign gate with ϕ = pi. The lower interfer-
ometer arm was blocked. All the pointer photons were
sent to the upper arm and second BD was used for polar-
ization projection during the measurement. We used the
same set of input signal |ψi〉 and final |ψf 〉 states as in
previous regime. The pointer initial state was prepared
by the HWP2 set to 3◦ resulting in a state close to |0〉.
Again, the pointer was measured in the 1√
2
(|H〉 ± |V 〉)
basis using HWP3. Weak value Aw was obtained using
Eq. (12) and fitting of parameter δ ≈ 0.21. Results of
this approach are visualized in Fig. 2b.
C. Weak value estimation by strong interaction
and quantum erasure
The third, and final, regime was implemented again
by using only the upper interferometer arm and PPBS.
In this case, the pointer was prepared in the |φ〉 =
1√
2
(|H〉 + |V 〉) state by HWP2 and projected in a basis
close to |H〉/|V 〉 using HWP3. The feed-forward required
in this regime was simulated by projecting the measured
system onto 1√
2
(|H〉+ |V 〉) and 1√
2
(|H〉 − |V 〉) when the
pointer was projected onto states close to |H〉 and |V 〉 re-
spectively. Weak value Aw was obtained using Eq. (13)
and fitting of parameter δ ≈ 0.08. Results of this ap-
proach are visualized in Fig. 2c.
In Fig. 2, we compare experimental results obtained
using all methods with the theoretical prediction (15).
Note that in case of the two strong interaction-based ap-
proaches Aw was translated to Aw using Aw =
(1−Aw)
2 as
explained in the Appendix. Our data reasonably overlaps
with theoretical derivations proving the working principle
of all approaches.
V. CONCLUSIONS
We have experimentally compared three approaches
to weak value estimation. Two of these approaches are
based on strong interaction between the pointer and mea-
sured system, the third uses the original idea of weak
coupling. We have established that all these approaches
lead to identical results up to experimental uncertainties.
This is in accordance with our theoretical framework uni-
fying these approaches.
In our particular implementation, adjusting the setup
for the quantum erasure seemed to be slightly less de-
manding in comparison to the approach using an insen-
sitive pointer state. Both these approaches are consid-
erably less demanding to implement on our platform of
choice because they do not necessitate tunable c-phase
gate. As such, they can be implemented by Hong-Ou-
Mandel-type interference alone accompanied by suitable
single photon polarization manipulation. Implementing
a weak c-phase gate interaction (i.e. small values of phase
shift ϕ) is known to require ancillary modes and thus an
second-order interferometric setup on top of the above
mentioned Hong-Ou-Mandel interference. Note however,
5that these conclusions are platform and gate-type spe-
cific. It is also worth noting that c-phase operation can
be achieved nearly deterministically if set to phase shifts
close to zero. This is definitely a benefit of the traditional
approach to weak value estimation, at least on the plat-
form of linear optics. Linear-optical setup implementing
this quasi-deterministic operation is however significantly
more complex.
Our quantum erasure approach bear some similarities
to [44], but adds a feed-back to erase the influence of
strong coupling.
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Appendix: Theoretical framework
This appendix provides detailed derivation of the uni-
fying framework to weak value estimation using three dif-
ferent approaches to weak value estimation. We demon-
strate this on an example of two interacting spin- 12 par-
ticles (two qubits). For a single spin- 12 particle we can
express all possible unitary operations by means of gen-
erators of the associated unitary group, i.e., Pauli op-
erators X = |+〉〈+| − |−〉〈−|, Y = |L〉〈L| − |R〉〈R|, and
Z = |0〉〈0|−|1〉〈1|. The eigenstates of Z operator, labelled
|0〉 and |1〉, correspond to various physical states depend-
ing on the particular two-level system. The eigenstates
of the remaining operators are related in the following
way: |±〉 = (|0〉 ± |1〉)/√2, |L〉 = (|0〉 + i|1〉)/√2, and
|R〉 = (|0〉 − i|1〉)/√2.
A. Weak measurement by weak interaction
We start by reviewing the typical formalism of weak
value estimation by means of a weak interaction. Let us
assume that |Ψt〉 is the overall input state
|Ψt〉 = |ψi〉|φ〉 (16)
consisting of the measured system |ψi〉 and a pointer state
|φ〉. Let the interaction Hamiltonian between these two
subsystems be specified as
H = A⊗ Z, (17)
FIG. 3: Rotation of the pointer state due to weak interaction.
where A and Z act on the measured system and the probe
respectively. The evolution induced by time-independent
Hamiltonian can be represented as e
−itH
~ . We now as-
sume that the interaction between the measured system
and the probe is sufficiently weak so that the evolution
operator can be approximated as
Uw = e
−itH
~ ≈ 1− itH
~
. (18)
Let us consider post-selection on the final state of the
weakly measured system
|ψf 〉〈ψf |e
−itH
~ |ψi〉|φ〉 ≈ |ψf 〉〈ψf |
(
1− itH
~
)
|ψi〉|φ〉
= |ψf 〉〈ψf |ψi〉
(
1− it
~
〈ψf |A|ψi〉
〈ψf |ψi〉 Z
)
|φ〉
= 〈ψf |ψi〉|ψf 〉e
−itAwZ
~ |φ〉.
(19)
Here,
Aw =
〈ψf |A|ψi〉
〈ψf |ψi〉 (20)
represents the weak value and e
−itAwZ
~ |φ〉 is the output
pointer state. If we take
|φ〉 = |+〉 = 1√
2
(|0〉+ |1〉), (21)
as the initial pointer state, after some time we obtain
|φ〉 → |φ′〉 = (1− it~AwZ)|φ〉, (22)
which leads to
|φ′〉 = |+〉 − it~Aw|−〉. (23)
The final pointer state is weakly shifted with respect to
its initial state (see Fig.3). The magnitude of the shift is
dependent on the force of interaction. If we measure the
pointer |φ′〉 for observable X, we obtain
〈X〉φ′ = 1− | it~ |2|Aw|2. (24)
6Alternatively, if we measure observable Z, the outcome
is
〈Z〉φ′ = 2i Im
(
it
~Aw
)
= Re
(
2t
~ Aw
)
. (25)
Similarly, the real part of it~Aw can be estimated by mea-
suring Y . All the above-listed equations do not depend
on the size of the investigated subsystems. In particular,
the pointer can be an arbitrarily large system instead of
a qubit and Z operator will be a high-dimensional coun-
terpart of the respective Pauli’s operator.
B. Weak measurement by strong interaction and
insensitive pointer
Here, we demonstrate our first strategy to weak value
estimation even with strong interaction (i.e., controlled-
sign gate), given as
Us = e
−itH
~ = |a0〉〈a0| ⊗ I + |a1〉〈a1| ⊗ Z, (26)
where |a0,1〉 are eigenstates of observable A = |a0〉〈a0| −
|a1〉〈a1| of the measured system which is strongly coupled
to observable Z of the pointer. These states form a basis
for a spin- 12 system, i.e., I = |a0〉〈a0|+|a1〉〈a1|. Similarly
to the case of weak interaction, we apply the unitary
operator Us to the measured system and probe states
and subsequently post-select the measured system onto
|ψf 〉
|ψf 〉〈ψf |e
−itH
~ |ψi〉|φ〉
= |ψf 〉
( 〈ψf |a0〉〈a0|ψi〉
〈ψf |ψi〉 I +
〈ψf |a1〉〈a1|ψi〉
〈ψf |ψi〉 Z
)
|φ〉.
(27)
For conveninece, let us introduce operator B defined as
B = 〈ψf |Us|ψi〉. One can show by direct calculations that
B = (〈ψf |A|ψi〉+ 〈ψf |a1〉〈a1|ψi〉) I〈ψf |ψi〉
− (〈ψf |A|ψi〉 − 〈ψf |a0〉〈a0|ψi〉) Z〈ψf |ψi〉 .
(28)
Equation (28) can be further simplified to obtain
2B = (1 +Aw)I + (1−Aw)Z, (29)
where
Aw =
〈ψf |A|ψi〉
〈ψf |ψi〉 (30)
is the weak value. We now use this result to rewrite
Eq. (27) as
|ψf 〉B|φ〉 = 12 |ψf 〉[(1 +Aw)I + (1−Aw)Z)]|φ〉. (31)
The shift in ancilla state is then
|φ′〉 = 12 [(1 +Aw)I + (1−AwZ)]|φ〉. (32)
Let us parametrise the initial probe state by amplitudes
α and β
|φ〉 = α|+〉+ β|−〉. (33)
Expressing the shifted probe state |φ′〉 in terms of eigen-
states of the observable Z yields
|φ′〉 = α+ β√
2
|0〉 − α− β√
2
Aw|1〉. (34)
In the situation when we set α = β, we deal with a com-
pletely insensitive pointer as 〈Z〉φ′ = 1 does not provide
any information about Aw. On the other hand, if we set
α = 1 and β = 0, we obtain
|φ′〉 = 12 [(1−Aw)|+〉 − (1 +Aw)|−〉], (35)
which leads to a strong measurement
〈Z〉φ′ = 12 (1− |Aw|2). (36)
Now, let us consider measurement of X on probe state
|φ′〉. In case of a completely insensitive pointer (i.e., α =
β and |φ′〉 = |0〉) we observe 〈X〉φ′ = 0. If α = 1, β = 0,
and we use strong measurement the expected value of X
in state |φ′〉 is
〈X〉φ′ = 14 |(1−Aw)|2 − 14 |(1 +Aw)|2 = ReAw. (37)
Finally, let us consider pointer state |φ′〉 ≈ |0〉, where
α+ β ≈
√
2, α− β = δ, |δ|  1, (38)
which is transformed due to strong interaction into
|φ′〉 = |0〉+ δ2Aw|1〉. (39)
By slightly deviating the pointer from |0〉 state we made
it weakly sensitive to the interacting system.
In this case, if we measure the pointer for observable
Z, we obtain
〈Z〉φ′ = 1− | δ2 |2|Aw|2. (40)
Alternatively, if we measure observable X, the outcome
is
〈X〉φ′ = Re(δAw). (41)
Similarly, the imaginary part of δAw can be estimated
by measuring Y . Note that in the above derivations we
consider a coupled system of two qubits, however, the
results are also valid in the general case, where (i) the
pointer is not necessarily a spin- 12 system, (ii) A¯ = Π0 −
Π1 is a multidimensional operator, and its positive valued
components satisfy the completeness relation Π0 + Π1 =
I.
7C. Strong interaction and subsequent erasure
Consider a pointer prepared in state |φ〉 = |+〉, and sys-
tem in preselected state |ψi〉 = α|0〉+β|1〉. Let the pointer
be in control mode of a c-phase gate set to strongest in-
teraction (i.e., controlled-sign gate) and let the system
be in the target mode. The choice of this particular gate
determines the operator A = Z of which the weak value
is estimated. In this configuration, maximally entangled
states can be created. Thus, this regime is referred as
strong interaction. Next, the pointer state is measured
in |φ′〉 = γ|0〉+ δ|1〉 and |φ′⊥〉 = δ|0〉 − γ|1〉 basis, where|δ|  1 and |γ| ≈ 1. Now, the joint state of the control
and target modes reads as
|Ψt〉 = 1√2 [(γ+ δI ⊗A)|φ
′〉|ψi〉+ (γI ⊗A− δ)|φ′⊥〉A|ψi〉].
(42)
By measuring the pointer we obtain
〈φ′|Ψt〉 = 1√2 (γ + δA)|ψi〉, (43)
〈φ′⊥|Ψt〉 = 1√2 (γA− δ)|ψi〉. (44)
It is obvious that the state of the system is perturbed and
its either 〈φ′|Ψ〉 or 〈φ′⊥|Ψ〉, depending on the measure-
ment outcome of the pointer. If we use A−1 operation
on the target mode conditioned on finding the pointer
in |φ′⊥〉 state, we always find the system (up to a global
phase factor) in a weakly perturbed state
|ψ′i〉 = (γ + δA)|ψi〉.
Let us consider what happens when we measure operator
Z = |φ′〉〈φ′| − |φ′⊥〉〈φ′⊥| on the pointer state. Similarly,
we can construct X and Y observables, corresponding to
Pauli operators. In this case the system state is postse-
lected as usual. The pointer state is detected in |φ′〉 with
probability
|〈ψf |ψ′i〉|2 ≈ |〈ψf |ψi〉|2[1 + 2Re(δAw)], (45)
whereas for projecting the pointer on |φ′⊥〉 and perform-
ing feed-forwardA−1 operation on the strongly perturbed
system (here A = A−1) we obtain
|〈ψf |ψ′i〉|2 ≈ |〈ψf |ψi〉|2[1− 2Re(δAw)]. (46)
Thus, the mean value of 〈Z〉φ′ observed on the pointer
for preselected and postselected states |ψ′i〉 and 〈ψf |, re-
spectively, is
〈Z〉φ′ = Re(4δAw). (47)
We can observe the imaginary part of the weak value if Y
operator is used instead of Z. For the clarity of presenta-
tion the above-described derivations focus on a coupled
pair of qubits. However, the results also hold when (i)
A¯ is non-singular (unitary), (ii) target mode is an arbi-
trarily large system, (iii) the pointer can be an arbitrarily
large system that can be projected onto either |φ〉 or |φ⊥〉,
and their superpositions corresponding to eigenstates of
high-dimensional counterparts of Pauli operators.
D. Operational equivalence
When we look at Eqs. (25), (41) and (47), we can con-
clude that probes carry information about weak values of
the measured system. By measuring the deviation of the
respective pointer from its initial position we can esti-
mate these weak values. This proves that the approaches
are operationally equivalent and the values of parame-
ters δ and it/~ play the roles of strength controllers in
their respective scenarios. Weak value estimation was
proposed to acquire small amount of information about
the measured system while minimizing inflicted distur-
bance. Similarly, by using a pointer state insensitive to
the interaction, we do not perturb the measured system.
It can easily be seen, that for δ → 0, the probe state
becomes the eigenstate of the Z operator. Inserting this
eigenstate relation into Eq. (26) factorizes the action
onto the measured system and the probe. As a result,
regardless of the measurement outcome on the probe,
the measured system remains unperturbed. In the same
manner, quantum erasing allows to tune the trade-off
between the information gained about the system and
the damage caused to it. One can verify that in case
of complete erasure δ → 0 and correct feed-forward, the
measured system is not changed.
We demonstrate the above described theoretical con-
cept on an example of a tunable controlled-phase (c-
phase) gate. This gate transforms a pair of qubits ac-
cording to a prescription
|mn〉 → eiϕδm1δn1 |mn〉, (48)
where m,n ∈ {0, 1} stand for logical states of the qubits,
ϕ denotes the introduced phase shift and δ is the Kro-
necker’s delta. By setting the value ϕ we change the
strength of the interaction between the two qubits from
infinitesimally weak ϕ → 0 to maximally strong ϕ = pi.
Note that, if we set A = I−Z2 in Eq. (3), then the weak
interaction (up to the coupling constant) corresponds to
the controlled-phase gate. The Hamiltonian of which
reads as
H = ϕ~4t (I − Z)⊗ (I − Z) (49)
and can be divided into two terms H = H1 +H0 describ-
ing the interaction
H1 =
ϕ~
4t (Z − I)⊗ Z (50)
and free evolution of the pointer
H0 =
ϕ~
4t (I − Z)⊗ I. (51)
Similarly, the strong interaction in Eqs. (9) and (42) can
also be implemented using a c-phase gate, this time with
ϕ = pi. In this case, the unitary operator Us reads
Us = |0〉〈0| ⊗ I + |1〉〈1| ⊗ Z (52)
and hence A = Z. Thus, while comparing weak value
estimation by weak interaction and by strong interaction
8together with either insensitive pointer or quantum era-
sure we simply fix the phase ϕ of the weak interaction
to match δ. Moreover, we need to take into account free
evolution of the composite system described by H0 which
will result in independent phase shifts between eigen-
states of Z for both system and pointer. Weak values
Aw [Eq. (6)] and Aw [Eqs. (30), (45)] obtained using weak
and strong interactions respectively can be directly com-
pared using a linear relation between operators A and A
A =
I −A
2
. (53)
Which translates into
Aw =
1−Aw
2
. (54)
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